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Abstract. We construct random point processes in C that are asymptotically close to a given 
doubling measure. The processes we construct are the zero sets of random entire functions that 
are constructed through generalised Fock spaces. We offer two alternative constructions, one via 
bases for these spaces and another via frames, and we show that for both constructions the average 
distribution of the zero set is close to the given doubling measure, and that the variance is much 
less than the variance of the corresponding Poisson point process. We prove some asymptotic 
large deviation estimates for these processes, which in particular allow us to estimate the 'hole 
probability', the probability that there are no zeroes in a given open bounded subset of the plane. 
We also show that the 'smooth linear statistics' are asymptotically normal, under an additional 
regularity hypothesis on the measure. These generalise previous results by Sodin and Tsirelson 
for the Lebesgue measure. 



1. Introduction 

In this paper we are interested in random point processes that mimic a given a-finite measure /i 
on the complex plane. The classical example is the inhomogenous Poisson point process, which 
we consider in the following manner. Fix a parameter L > and let Nl be the Poisson random 
measure on C with intensity Lji, that is, 

• Nl is a random measure on C, 

• For every measurable A C C, Nl{A) is a Poisson random variable with mean Lfi{A), 
and 

• If A and B are disjoint then Nl{A) and Nl{B) are independent. 

Such an always exists, see for example llSat99[ Proposition 19.4]. Suppose that ^ G H 
L^(/i) and define 

N{^,L) = ^j^i;iz)dNLiz). 
Then (see [|Sat99[ Proposition 19.5]) 

(1) E[N{^,L)]= f^dfi 

Jc 
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and, writing V for the variance, 



(2) 



V[iV(^,L)] = i/ l^l^ci/x. 



In contrast to the Poisson point process, the zero sets of random analytic functions are known to 
be more 'rigid' processes, in particular these processes exhibit 'local repulsion' (see fH KPVOQl 
Chapter 1]). We will construct a random zero set such that ([1} continues to hold (at least for 
smooth ijj in the limit L — > oo, see Theorem [T) but with a variance that decays faster than L^^, 
in contrast to (Theorem |2]). In fact we will also have 



almost surely, as well as being true in mean (Theorem [T). 

As a further measure of the 'rigidity' of our process we note that the 'hole probability' for the 
Poisson point process is, by definition. 



for any A C C whereas we shall see that the 'hole probability' for the zero sets we construct 
decays at least like e^'^^^ for some c > 0. 

This problem has already been considered when /i is the Lebesgue measure on the plane 
( [IST04II and USTOSID and the resultant zero-sets are invariant in distribution under plane isome- 
tries. We are interested in generalising this construction to other measures, where we cannot 
expect any such invariance to hold. We begin by recalling the following definition. 

Definition 1. A nonnegative Borel measure /x in C is called doubling if there exists C > such 
that 



for all z G C and r > 0. We denote by the infimum of the constants C for which the inequality 
holds, which is called the doubling constant for ji. 

Let /i be a doubling measure and let be a subharmonic function with jj, = A0. Canonical 
examples of such functions are given by (pi^z) = where a > (the value a = 2 corresponds 
of course to the Lebesgue measure). The function (f)(z) = (Rez)"^ gives a non-radial example, 
and more generally one can take to be any subharmonic, non-harmonic, (possibly non-radial) 
polynomial. We define, for z e C, p^{z) to be the radius such that fJ,{D{z, p^{z))) = 1. We shall 
normally ignore the dependence on ji and simply write p{z). 

Consider the generalised Fock space 



where m is the Lebesgue measure on the plane. We note that, as in [|Chr91L the measure 

can be thought of as a regularisation of the measure djji{z). The classical Bargmann-Fock space 

corresponds to (l){z) = \z\'^. Let (e„)„ be an orthonormal basis for the space J-"? and (a„)„ be 



N^ip, L) -)■ / ipdp as L oo 
Jc 



F[Nl{A) = 0] = e-^^(^) 



p{D{z,2r))<Cp{D{z,r)) 




INHOMOGENOUS RANDOM ZERO SETS. 3 

a sequence of independent standard complex Gaussian random variables (that is, the probability 
density of each a„ is ^ exp(— with respect to the Lebesgue measure on the plane; we denote 
this distribution A/c(0, 1)). Consider the Gaussian analytic function (GAF) defined by 

n 

This sum almost surely defines an entire function (see for example PHKPV091 Lemma 2.2.3]). 
The covariance kernel associated to this function is given by (note that E[(7(2;)] = for all 2; G C) 

lC{z, w) = E[g{z)g{w)] = ^ e„(z)e„(ti;) 

n 

which is the reproducing kernel for the space J-'^. Moreover the distribution of the random 
analytic function g is determined by the kernel /C so it does not matter which basis we chose. 

We are interested in studying the zero set Z(g), and a first observation is that since g{z) is a 
mean-zero, normal random variable with variance )C{z, 2;) 7^ (see Proposition [141). g has no 
deterministic zeroes. Furthermore the random zeroes of g are almost surely simple ( [HKPV09[ 
Lemma 2.4.1]). We study the zero set Z(g) through the counting measure 

1 A 1 11 

ng = — A log 1^1 

(this equality is to be understood in the distributional sense). The Edelman-Kostlan formula 
( HSodOOi Theorem 1] or [1HKPV09[ Section 2.4]) for the density of zeroes gives 

E[n„(2)] = A log )C{z, z)dm{z). 

4:71 

We finally note that A \oglC{z, z) ^ (see Section [Z2l ) which, as we have already noted, can 
be viewed as a regularisation of the measure /i. 

We will modify this construction by re-scaling the weight 0, so that the zeroes will be even 
better distributed. Specifically, let L be a positive parameter and consider instead the weight 
0L = L(j) (and pi = Plim)- For each L we take a basis (e^)„ for the space = and define 

(3) 9l{z) = ane^{z) 

n 

and 



1Cl{z,w) = E[g{z)g{w)] = Ye^{z)e^{w). 



The following result states that the corresponding zero set, suitably scaled, is well distributed 
with respect to the measure p for large values of L. 

Theorem 1. Let ipbe a smooth real-valued function with compact support in C ( which we always 
assume is not identically zero), let be the counting measure on the zero set of gi and define 
the random variable riltp, L) = J ipdrti. 
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(a) 

^ r ^ f 

\A^{z)\dm{z), 



<i 
~ L 



where the implicit constant depends only on the doubling constant of the measure fi. 
(b)Ifwe restrict L to taking integer values then, almost surely, 



n{ip, ^ ^ j i^dfx 



as L ^ oo. 



The proof of part (b) of this result uses an estimate on the the decay of the variance of L) 
which is interesting by itself. 

Theorem 2. For any smooth function with compact support in C 

V[n(^,L)] ^ ^j^^{,p{z)fpL{zfdm{z). 

Remark. We may estimate the dependence on L using (|7]) to see that the integral decays poly- 
nomially in L. If the measure ^ is locally flat (see Definition [3]) then we see that the variance 
decays as L^^, just as in IIST04L 

In the special case (j){z) = \z\'^/2 (the factor 1/2 is simply a convenient normalisation) it is 
easy to see that the set (-^ '■^'^•' is an orthonormal basis for the corresponding Fock space, 
so that the construction just given corresponds to the GAP studied in I1ST04II and USTOSII . More 
generally if (f){z) = pr/2 and a > then the set — ^)^o orthonormal basis for the 
corresponding Fock space, for some Can — r(^n + 1)^^^ (and the implicit constants depend on 
a, see the Appendix). 

However, besides these special cases, we have very little information about the behaviour of 
an orthonormal basis for For this reason we also study random functions that are constructed 
via frames. 

Definition 2. Let (X, (-, ■)) be an inner product space. A sequence (a;„)„ in X is said to be a 
frame if there exist < A < B such that 

A\\xr<j2\{^,^n)\'<B\\xr 

n 

for all X & X. 

It can be shown that this implies that there exists a sequence {xn)n in X (the canonical dual 
frame) such that 



X 

n 
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and 



\x\? < 



E 



< 



A' 



\x\ 



for all X E X. Thus a frame can be thought of as a generalisation of a basis that retains the 
spanning properties of a basis although the elements of the frame are not, in general, linearly in- 
dependent. (For a proof of the above facts and a general introduction to frames see, for example, 
liCEr9n Chapter 51.) 

We will consider frames for J^l consisting of normalised reproducing kernels, A;f(z) — ^^{^,0 



(we ignore the dependence on L to simplify the notation). We consider frames of the form 
(^A)AeAi (where the index set C C is a sampling sequence, see Section lZ2] for the defini- 
tion). The advantage of this approach is that we have estimates for the size of the reproducing 
kernel (Theorem [14]), and so we also have estimates for the size of the frame elements. We now 
define 



(4) 



where ax is a sequence of iid A/c(0, 1 
covariance kernel for fi is given by 



fL{z) = axkx{z) 

random variables indexed by the sequence A^,. The 



A'i(2,ui)=E|/i(j)/i(u.)l 



AeAi, 



kx{z)kx{w) 



which satisfies similar estimates to JCl (see Proposition [TtI). 

Since the proof of Theorem [T]uses only estimates for the size of the covariance kernel we may 
state an identical theorem for the GAF defined via frames. However in this case we also have the 
following stronger result. 

Theorem 3. Let ul be the counting measure on the zero set of the GAF defined via frames 
(0]), ip be a smooth real-valued function with compact support in C, n{'ip, L) = J ipdriL. 

(a) 



<1 
~ L 



\Aip{z)\dm{z), 



where the implicit constant depends only on the doubling constant of the measure fj,. 
(b) Let S > 0. There exists c > depending only on 6, ip and jj, such that 

n{i),L) 



(5) 
as L 



> 6 



< e 



oo. 



The proof of part (a) is identical to the proof of Theorem [11(a) (using the appropriate estimates 
for the covariance kernel of /l). It is also easy to see, by an appeal to the first Borel-Cantelli 
Lemma, that the large deviations estimate ([5]) implies that in this case we also have almost sure 
convergence exactly as stated in Theorem [r|(b). This result has an obvious corollary. 
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Corollary 4. Suppose that ul is the counting measure on the zero set of the GAF fi defined via 
frames @i and U is an open bounded subset of the complex plane. 



(a) 



as L ^ oo. 



E 



L 



Ztt 



(b) Let 5 > 0. There exists c > depending only on 5, U and fi such that for sufficiently large 
values of L 

tMU) 



p 



L 2 



hi^iu) 



1 



> s 



< e 



Remark. As before, the large deviations estimate combined with the first Borel-Cantelli Lemma 
implies thatjUL^U) — )■ ^l^{U) almost surely when L is restricted to integer values. 



It is well known that the linear statistics are asymptotically normal for the Poisson point pro- 
cess, and we also show that the smooth linear statistics for our zero sets are asymptotically 
normal, for large values of L, if the measure /i is locally flat. We shall state and prove this result 
only for the GAF defined via frames (that is ©) but it is easy to verify that the proof works 
equally well for the GAF defined via bases Q since it relies only on estimates for the size of the 
CO variance kernel. 

Theorem 5. Let ip be a smooth function with compact support in C let ni be the counting 
measure on the zero set of the GAF defined via frames ©, and suppose that measure jj, is locally 
fiat (see Definition\3]). Define n{ip,L) = J ipdrii as before. Then the random variable 

n(V>,L)-E[n(^,L)] 
V[n(7/',L)]V2 

converges in distribution to A/'(0, 1) as L ^ oo. 



We are also interested in the 'hole probability', the probability that there are no zeroes in a 
region of the complex plane. When we take (j){z) = \z\'^/2 then the asymptotic decay of the hole 
probability for the zero set of the GAF defined via bases was computed in [.ST05.I . and the more 
precise version 

2 

F[n,,{Dizo,r)) = 0] = exp { - jL'r\l + o(l))} 

as L — )■ cxD was obtained in [ NislOl Theorem 1.1] (we note that the author considers L = 1 and 
discs of large radius centred at the origin, however the results are equivalent by re-scaling and 
translation invariance). If 0(2) = \z\"/2 and we consider the random function generated by 

the bases (- ^)^n then we see that 

^ Can 'n—O 

P[n3,(D(0,r)) = 0] = PK(D(0,rL^/-)) = 0]. 
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We may now use UNislU Theorem 1] to see that 

PK(D(0,rLi/-)) = 0] = exp { - '^r^^L^l + o(l))} 

as L — )• oo (we omit the details), however we no longer have translation invariance. 

Our first result says that we always have an upper bound of the form e^^'"^ , however we have 
no estimate for the lower bound in general. 

Theorem 6. Suppose that rii is the counting measure on the zero set of the GAF defined via 
bases Q. Let U be a bounded open subset of the complex plane. There exists c > depending 
only on U and fi such that for sufficiently large values ofL 

F[nL{U) = 0] < e""^'. 

When we work with frames, because we have estimates for the pointwise decay of the repro- 
ducing kernel, we can prove much more. In this case we show that we have the same upper bound 
(with a different constant) and that the upper bound is sharp (up to constants) under additional 
assumptions on the decay of the kemel K-l. 

Theorem 7. Suppose that n l is the counting measure on the zero set of the GAF Jl defined via 
frames dH). Let U be an open bounded subset of the complex plane. 

(a) There exist c,C > depending on U and /i, and r > 2 depending only on fj,, such that for 
sufficiently large values ofL 

e-^^' <F[nL{U)=0] < e"^^'. 

(b) If the reproducing kernel ICl has fast off-diagonal decay (Definition^ then we have r = 2 
in (a). 

Remarks. 1. The upper bound in this theorem follows directly from Corollary |4](b) 

2. In proving this result we will give upper bounds for the value r when we do not have fast 
off-diagonal decay. 

3. The kemel corresponding to (f){z) = |z|"/2 has fast off-diagonal decay (see the Appendix). 

While we have stressed heretofore that our work generalises the known cases in the complex 
plane, we should point out that these ideas have also been studied on manifolds. For example in 
IISZ99II , HSZOSII and IISZZ05II the authors study the distribution of zeros of random holomorphic 
sections of (large) powers of a positive holomorphic line bundle L over a compact complex 
manifold M. Theorem[T] for example, is completely analogous to [ISZ99I Theorem 1.1], although 
our proof is less technical. We have also used many of the ideas from [ISZZ051 in our proof of 
TheoremHl where the authors also deal with the problem of having no information about a basis. 
A key difference between the two settings is the compactness of the manifold M, which means 
that the spaces of sections considered are finite dimensional with a control on the growth of the 
dimension. There are also some recent results in a non-compact setting, see [IDMS12L however 
the spaces considered are still assumed to be finite dimensional. 
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The paper is structured as follows: In Section 2 we give some technical results that shall be 
used throughout the paper, and show that the covariance kernel for the GAFs defined via bases 
and frames satisfy similar size estimates. In Section 3 we prove Theorems [T] and |2l In Section 4 
we show that the smooth linear statistics are asymptotically normal, under some extra regularity 
assumptions (Theorem |5]). In Section 5 we prove the large deviations estimates. Theorem |3] and 
Corollary |4] In Section 6 we prove Theorem |6] the upper bound for the hole probability for the 
zero set of the GAF defined via bases. Finally in Section 7 we compute the hole probability for 
the zero set of the GAF defined via frames. Theorem |7] 

The notation f ^ g means that there is a constant C independent of the relevant variables such 
that / < Cg, and f ^ g means that / < and g ^ f. We frequently ignore events of probability 
zero. 



2.1. Technical Preliminaries. We will always assume that /i is a doubling measure (Defini- 
tion[T]) and that </> is a subharmonic function with fi = A0. Recall that p(z) = p^{z) is the radius 
such that ii(D(z, p^{z))) = 1. Note that all of the constants (including implicit constants) in this 
section depend only on the doubling constant C^. 

Lemma 8. [ChrQ 1 ! Lemma 2.1] Let p be a doubling measure in C. There exists 7 > such that 
for any discs D, D' of respective radius r{D) > r{D') with D P\ D' ^ ^ 



In particular, the support of ji has positive Hausdorff dimension. We will sometimes require 
some further regularity on the measure p, so we make the following definition. 

Definition 3. We say that a doubling measure p is locally fiat if given any disc D of radius r{D) 
satisfying /i(-D) = 1 then for every disc D' C D of radius r(D') we have 



where the implicit constants depend only on p. 

Trivially (f)(z) = Iz]"^ gives us a locally flat measure, indeed the condition < c < A(p < C 
ensures that the measure A0 is locally flat. Moreover there is always a regularisation of the 
measure Acj) that is locally flat (see IIMMO031 Theorem 14]), but we shall not pursue this line of 
thought. 

We have the following estimates from HMMOOBl p. 869]: There exist i] > 0, C > and 
/3 e (0, 1) such that 



2. Doubling Measures and Fock Spaces 




1/7 




(6) 



< p{z) < C\zf for \z\ > 1 



and 



|p(^)-p(C)l<k-C|for^,CGC. 
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Thus p is a Lipschitz function, and so in particular is continuous. We will write 

D^{z) = Diz,rpiz)) 

and 

D{z) = D\z). 

A simple consequence of Lemma [8] is that p{z) ~ p(C) for ( G D{z). We shall make use of 
the following estimate. 

Lemma 9 ( [|Chr91[ p. 205]). IfC^ D{z) then 



p(c) ~ V p(c) 

/or j'ome t G (0, 1) depending only on the doubling constant, C^j,. 

We will need the following estimate. 
Lemma 10. [|Chr9 1 [ Lemma 2.3] There exists C > depending on such that for any r > 

/ \ogf-^)dp{0<Cp{D{z,r)) zee. 

JD{z,r) ^l^-SK 

We recall that p"^ can be seen as a regularisation of p. We define to be the distance induced 
by the metric p{z)~'^dz ® d'z, that is 

d,{zX) = mf C \^\t)\p-\^{t))dt, 



where the infimum is taken over all piecewise curves 7 : [0, 1] — )■ C with 7(0) = z and 
7(1) = We have the following estimates: 

Lemma 11 ([M MO031 Lemma 4]). There exists 5 > such that for every r > there exists 
Cr > such that 

• C-i^f^ < d,{z, < a^f^ if\z - CI < rp{z) and 
p{z) p[z) 

Definition 4. A sequence A is p-separated if there exists 5 > such that 

inf d^{\, A') > 5. 

One consequence of Lemma [TT] is that a sequence A is p-separated if and only if there exists 
5 > such that 

|A- A'l > 5max(p(A),p(A')) A ^ A'. 
This equivalent condition is often easier to work with and is the reason we call this condition 
p-separated. We shall make repeated use of the following lemma. 
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Lemma 12. Let K be a p-separated sequence. Then for any e > and k > there exists a 
constant C > depending only on k, e, and such that 

Proof. The proof of (a) is almost identical to [IMO091 Lemma 2.7]. Lemma [TTI implies that there 
exists £ > such that 

expci^(z,C) > exp ' ^' 



P(C) 



Let /(x) = — -xe ^ and note that for any ?/ > 



+00 



Splitting the integral over the regions -D(C) and C \ -D(C) and using Lemma|9]we see that 

l^-CI"^ dm{z) , f P .-x.^.^dmiz) 



n ( ^2 ^P'i0+ / p'iO I ^e-^f{x)dx- 



C\D(C) 



<P'{0 + P'i0 r^e-fix) [ ^dx 



< 



p\0 {l + j^^ e-^f[x)x'^dx^ 



for some positive a. 

We may estimate the sum appearing in (b) by the integral in (a) so the result follows. ■ 

We will also need the following estimates. 

Lemma 13. [IMMO031 Lemma 19] For any r > there exists C = C{r) > such that for any 

f e n{C) andzeC: 

(a) |/(.)|V^^(^)<C / |/(C)|V^^(^)^. 

JDr(z) P\0 

Dr{z) P\Q 



(b) |V(|/|e-*)(z)p<^ / 
{c)Ifs>r,\f{z)\'e-"^^^^<Cr,s [ |/(C)I 



2g-20(C)^!MC) 



p'iO 



We shall scale the measure /i by a (large) parameter L > 1. We shall write 0l = Lcj), pi = p^^, 
di = di^ and D1(z) = D(z, rpL{z)). Note that the measures p and Lp have the same doubling 
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constant, so we may apply all of the results in this section to the measure L/x without changing 
the constants. It is clear from the definition 

Lfi{D{z,pL{z))) = l 

that piiz) < p{z) for L > 1. Thus by Lemma[8]we have 

(7) < < L'/^ 

Pl{z) 

and 

< d{z,w) ^ 
^ dL{z,w) ~ 

for some 7 < 1, where the implicit constants are uniform in z. 
If the measure is locally flat then we see that 

(8) 4t-^ 

Pl{z) 

and 

d{z,w) 1 



dL{z,w) yr' 

2.2. Kernel estimates. In this section we show that the covariance kernel for the GAF 
defined via frames dH) satisfies similar growth estimates to the reproducing kernel /C^, which is 
the covariance kernel for the GAF defined via bases (|3}. We will do this by showing that it is 
the reproducing kernel for a different (but equivalent) norm on the space J-'l- We shall state and 
prove these results for the function K = Ki, but since the constants appearing depend only on 
the doubling constant, they may be applied mutatis mutandis to Kl. 

We first note that /C satisfies the following estimates. 

Proposition 14 ( I1MMO031 Lemma 211. IIMO091 Theorem 1.1 and Proposition 2.111. [ICOlli p. 
355]). There exist positive constants C and e (depending only on the doubling constant for p) 
such that for any z,w E C 

(a) \IC{z,w) \ < Ce<^{^)+'^("')e-'^M(^'"'), 

(b) C-ie2<^(^) < ]C{z,z) < Ce^'^^'\ 

(c) C-^/p{zf < A\og)C{z,z) < C/p{zf. 

(d) There exists r > such that \lC{z, w) \ > Ce'i'^^^+*^'"^ for all w E D''{z). 

Remark. The off diagonal decay estimates in Theorem 1 . 1 and Proposition 2. 1 1 of flMOOQI differ 
from the results just stated by factors involving p. This is because the authors study spaces with 
a different norm; in [|MMO03[ Section 2.3] it is shown that the class of spaces considered here 
and in [MO09j is the same. However one can easily verify that minor modifications to the proof 
in [|MO09i1 give the result just stated in the spaces we are considering. 
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In order to ensure that the sequence of normalised reproducing kernels (A;A)AeA form a frame, 
we require that the sequence A is sampling. Sampling sequences in the Fock spaces we consider 
have been characterised in terms of a Beurling-type density. The following definitions appear in 
rMMQ03il . 

Definition 5. A sequence A is sampling for J^? if there exists C > such that for every f E J-'^ 



(9) C-^5^|/(A)|V2^W < ll/ll^i <C5^|/(A)|V 



AeA AeA 



Theorem 15 ( flMMOOSl Theorem A]). A sequence A is sampling for J^^ if and only if A is a finite 
union of p-separated sequences containing a p-separated subsequence A' such that V~{A') > 
where 



I,-(A) = li,„infinf*(^^^(^^>i. 

' — -ec p{D{z,rp{z))) 2tx 



Recall that /c^ (2) = -j^^^- It is clear from Proposition [H that \{kxj)\ ~ |/(A)|e-'^W for 
all / e J^J. Thus A is a sampling sequence for J^? if and only if 



AeA 



that is, if and only if {kx)xeA is a frame in 

We denote the (canonical) dual frame by {kx)xeA, and note that any / G -Fj can be expanded 



as 



f = Y.(J\~kx)kx. 

AeA 

We introduce a new inner product on the space J-"? given by 



AeA 



and note that the norm |||/||| = ((/, /))^''^ is equivalent to the original norm || ■ \\jr2 (if A is 
sampling). 

Proposition 16. The reproducing kernel for the (re-normed) space ||| ■ |||) is 

K{z,w) = '^kxiz)kx{w). 
AeA 



Proof. It is clear that, for each fixed w E C, K{-,w) = Ky^ is in the space, so we need only 
verify the reproducing property. Note first that {kx', kx) = {ky, kx). This follows from the fact 
that kx = S^^kx, where S is the frame operator associated to (A;A)AeA, and S is self adjoint with 
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respect to (-,■). Now, for any / G J^J, 



AeA A'eA 



AeA AeA A'eA 



A'eA AeA 



A'eA XAeA 

5^fcA'H(/,^A') = /H, 



A'eA 



which completes the proof. 



We now show that the growth and off diagonal diagonal decay of K are similar to that of /C. 

Proposition 17. There exist positive constants C, c and e (depending only on the doubling con- 
stant for /i and the sampling constant appearing in ^) such that for any z,w EC- 

(a) \K{z,w)\ < C'e'^W+'^("')e-'="'M(^'"'), 

(b) C-^e^-^^^) < K{z, z) < Ce2<^(^) and 
(0 C-'^<AlogK{z,z)<C^. 

(d) There exists r > such that \K{z, w) \ > Ce'^(^)+'^('") for all w E D''{z). 
Proof We have (see [|Ber70[ p. 26]) 



v/^(i:^ = sup{|/(^)|:/G J-J, Ill/Ill <1} 

^ sup{|/(z)| : / G J-J , ll/ll^i < 1} = ^nC{^) 
and so Proposition [T4l implies (b). Similarly (again see [|Ber70[ p. 26]) 

A log K{z, z) = ^ ~ A log /C(z, z) 

so that (c) also follows from Proposition [T4l 

We note that for all w G D'''(z), applying Lemma [TSl' b). 

\\Kiw,z)\e-'t''^-^-\K{z,z)\e-'^'^^'>\<^^\\K{-,z)y^^^^ 

so that for sufficiently small r, (b) implies (d). 

Finally we have, by the estimates in Proposition [141 

AeA AeA 



14 JEREMIAH BUCKLEY, XAVIER MASSANEDA, AND JOAQUIM ORTEGA-CERDA 

Now 



where we have used Lemma [T2l The remaining terms satisfy d^{w, A) > |c?^(-2, w) and may be 
treated similarly. ■ 

Remarks. 1. When we apply this result to Kl, it is important that the constants in the relation 
III ■ llli ~ II ■ II j-2 are uniform in L, so that the constant C appearing in the conclusion can be 
taken to be uniform in L. It is not difficult to see that we can always do this. For each L we 
chose a sequence and constants 5o < Rq which do not depend on L satisfying the following 
properties: 

• The discs (Df'(A))AeAi, are pairwise disjoint. 

• We have C = UxeAr^D^^iX). 

• Each z G C is contained in at most A^o discs of the form i5f°^^(A) where A^o does not 
depend on 2; or L. 

Applying Lemma[T3tb) one can show that if Rq is sufficiently small then XIasAl — 
||/||jr2 where the implicit constants are uniform in L. 

2. We have used only the fact that {kx)xeA is a frame, and the expression of the repro- 
ducing kemel as an extremal problem, to show that K(z,z) ^ IC{z,z) and A\og K{z, z) ~ 
A log /C(2;, z). Our proof therefore carries over to any space where these properties hold. 

We will sometimes be able to prove sharper results if we assume some extra off-diagonal decay 
on the kemel K-l. The condition we will use is the following. 

Definition 6. The kemel ICl has fast ojf-diagonal decay if, given C,r > there exists R > 
(independent of L) such that 

(10) sup e-^*-(^) / |X:i(^,C)re-2^^(^)^<e-^^ 

for all zq E C and L sufficiently large. 

Remarks. 1. If (f){z) = \z\'^/2 then since }Cl{z, () = e^^''/27r^ it is easy to see that the /C^ has 
fast off-diagonal decay. More generally if 0(2;) = |2|"/2 it can also be seen that JCl has fast 
off-diagonal decay but we postpone the proof to an appendix since it is long and tedious. 

2. We also note that HChr911 Proposition 1.18] shows that there exist (p with < c < Acp < C 
that do not satisfy (flOl) . so that local flatness does not imply fast decay. 

3. Proof OF Theorems [2 AND [2] 

In this section we will prove Theorems \T\ and |2l We will follow the scheme of the proof 
of nSZ99[ Theorem 1.1]. We begin by proving Theorem [T] (a). Recall that ul is the counting 
measure on the zero set of the GAF defined via bases, (|3]). 
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Proof of Theorem\T(a). Let ip he a smooth function with compact support in C. The Edelman- 
Kostlan formula gives 

EK^,L)] = / ^iz)A\oglCLiz,z)dm{z) 



so that, by Proposition [141 

1 



< 



A-kL 



1 

1 



L 



A^(z) (log/Ci(^, z) - nAz)) dm{z) 



\l\^{z)\dm{z). 



c 



Proof of Theorem^ We have (see [ISZ08l Theorem 3.3] or INSllI Lemma 3.3]) 



V[?2('?/', L)] = / Ai/j{z)Ailj{w)JL{z,w)dm{z)dm{w) 
JcJc 



where 



71=1 ^ 



Kl{z,z)1Cl{z,w) J 1Cl{z,z)1Cl{z,w)' 

Fix 2; G suppz/', choose « > 2/7 where 7 is the constant appearing in (|7]l, and let e be the 
constant from Proposition [141 Write 

h = Aip{w)JL{z,w)dm{w), 

JdL{z,w)>{alogL)^/'' 

l2= {AiPiw) - AiP{z)) JL{z,w)dm{w), 

J dL{z,w)<{alogLy/^ 

h = i JL{z,w)dm{w). 

J di^{z,w)<{alogLy/^ 

and note that 

' Aip{w)JLiz, w)dm{w) = I^ + l2 + Ai){z)h,. 
Now, by Proposition [141 Jl{z,w) < e~'^L^^''^^ < L^" when dL{z,w) > (alogL)^/^ and so 



|/i| < L-'' / \Aij{w)\dm{w) < L-"||A^|Ui(c). 

J dL {z, w)> (a log ly/' 

Also, since w) > L'^d^{z,w),v^Q see that if 2; and w satisfy rf^ (2;, w) < (a log L)^/" then 

Atp{w) - Ail){z) as L 00, 

and so 

I/2I < sup |A^H - A^{z)\h = o{h). 

dL {z, w)<{a log L)''-/'^ 
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Finally, using Proposition [141 and Lemma [TTl we see that 

^3 < / e-'^i^'''"^dm{w) < [ e''^^'^^^' dmiw) = pL{zf [ e-"'l^l^'dm(C). 
Jc Jc Jc 

Similarly, for r sufficiently small. 



^3 > / dm{w) = Txr pl{z) , 

JDliz) 

that is, J3 ~ pL{zf- We thus conclude that (note that pL{zf > L-^^^p{zf > L"") 



V[n(^, L)] = / A^{z) (Ji + I2 + Aij{z)h) dm{z) ~ / A^{zy pL{zydm{z) 
Jc Jc 

which completes the proof. ■ 

We will now use the results we have just proved for the mean and the variance of the 'smooth 
linear statistics' to prove Theorem [r|(b). 



Proof of Theorem\T}(b). First note that 



E 



<E 



n{^,L)~E[n{^,L)] 
+ (E[n{i;,L)]-^ j ^dp 



Now Theorem I2] implies that 



E 



(n(V',L)-E[n(^,L)])'J =V[n(^,L)] 

~ f {A^{z)fpL{zfdm{z) 



< / {A^{z)fp{zfdm{z) 



while (a) implies that 



We thus infer that 



E[n(7A,L)]-i- / ijdp = 0{L-^). 



E 



^(^,^) - ^ / ^dp 



<L-2 



which implies that 

E 

This means that 



L=l 



^n{ij,L) - ^ / ipdp 



< +OC. 



1 1 f 

-n{ip,L) ^dp 
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almost surely, as claimed. 



4. Asymptotic Normality 



This section consists of the proof of Theorem |5] As we have previously noted, we shall 
consider only the GAP defined via frames (|4]). All of the results stated here apply equally well 
to the GAP defined via bases ([3]), and the proofs are identical except that the estimates from 
PropositionfTT] should be replaced by the estimates from Proposition [141 Our proof of Theorem|5] 
is based entirely on the following result which was used to prove asymptotic normality in the case 



2 dlSTOl Main Theorem]). 



Theorem 18 ( [|ST04[ Theorem 2.2]). Suppose that for each natural number m, is a Gaussian 
analytic function with covariance kernel satisfying "Emiz^z) = 1 and let rim be counting 
measure on the set of zeroes of fm- Let v be a measure on C satisfying z^(C) = 1 and suppose 
: C — )■ "E. is a bounded measurable function. Define Zm = jc^'^^i\fm{,z)\)Q{z)di'{z) and 
suppose that 

,,,, nc^\-rn{.z,w)\'^Q{z)Q{w)dv{z)dv{w) 

(11) hmmf^^: > 0, 

and that 

(12) lim sup / \'Ern{z,w)\di'{w) =0. 

'"^"c zee Jc 

Then the distributions of the random variables 



converge weakly to A/'(0, 1) as m ^ oo. 

Remark. In fact in IIST04II the authors prove a more general result, but we shall only require the 
form we have stated. We have also slightly modified the denominator in condition (fTTT ). but it is 
easy to verify that this does not affect the proof (cf. nST041 Section 2.5]). 

Proof of Theorem\5\ We consider instead the random variable L) = / ^rfrii^ since it is clear 
that the factor is unimportant. We first note that Green's formula implies that 

n{i:,L) = ^ [ A^P{z)\og\fL{z)\dm{z) 



27r, ^ 

which combined with the Pdelman-Kostlan formula gives 



ZlW = niij, L) - E[n(^, L)] = ^ f A^(z) log -JM^^dm{z). 

zn j\l[z, z) ' 
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Write hiz) = KU.%n ^ = t^i^{z)p{zf and du{z) = IxsnppA^)^ where the 

constant c is chosen so that z/(C) = 1. Note that 

ZlW= [ \og\h{z)\e{z)du{z) 



so we need only check that conditions (fTTI) and (fT2l) hold to show asymptotic normality. Here 
El{z, w) = K^(^^^^yj'2KUw,wy/^ - estimates of Proposition [JT] and ([8]), 



Vic p{wr J 

Vic Pl[wY J 

where we have used local flatness ([8]) for the estimate (*), so (fT2l) holds. (In fact to prove (fT2l) it 
suffices to use the estimate ([7]).) Similarly 

/ |Hi(z,«7)|2c/z/H L-V 
Jc 

By a computation almost identical to that in the proof of Theorem |2] we also have 

\'EL{z,w)\^Q{z)Q{w)dv{z)dv{w) - [ {Ai;{z)fpLizfdm{z) 

C2 Jc 



which verifies (fTT)) . (In both of these estimates we use ([8]) since the estimate dV]) is not enough, it 
is here that our local flatness assumption is important.) ■ 



5. Large deviations 

In this section we prove Theorem |3] and Corollary |4l We borrow many of the ideas used here 
from nSTOSI and HSZZOSI . but some modifications are necessary to deal with the fact that is 
non-radial and we are in a non-compact setting. The key ingredient in the proof of Theorem |3]is 
the following lemma. 

Lemma 19. For any disc D = D^'^zq) and any 5 > there exists c > depending only on 5, D 
and fi such that 

[ \\og\fL{z)\-Mz)\dm{z)<6L 
Jd 

outside an exceptional set of probability at most e~^^ , for L sufficiently large. 



We begin with the following lemma. 
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Lemma 20. Given a disc D = D^{zo) and 5 > there exists c > depending only on the 
doubling constant such that 



max (log|/L(z)| - (t)L{.z)) 
zeD 



< 6L 



outside an exceptional set of probability at most e c<5m(^)^^, far L sufficiently large. 
Proof. Define fiiz) 



iT^rHrn- We will show that 



P 



max log \fL{z) 



zeD 



> 6L 



< e 



-c5ii{D)L'^ 



for L sufficiently large, which will imply the claimed result by Proposition[T7lb). We divide the 
proof in two parts. 

1 . We first show that 



P 



max \fL{z)\ < e 

zGD 



-SL 



< ^-c5t,{D)L^_ 



For each L define Sl to be a pz,- separated sequence with the constant 

R = inf {(ii(s, t): s ^ t and s,t e Sl} 
to be chosen (large but uniform in L). Moreover we assume that 



sup dii^z, Sl) < oo, 

zee 



uniformly in L once more. Trivially 



P 



max Ihiz)] < e 
zeD 



-SL 



< P 



< e-^^ for all s E D n Sl 



and we now estimate the probability of this event. We write 

DnSL = {si, sn}- 

Note that for Ri sufficiently small 



N 



L^,{D'^{zo))<J2lKD^'{sj))<N 



while for R2 large enough 



N 



so that ~ Lfi(D). Consider the vector 

(fL{si)\ 
\fLisN)J 
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which is a mean-zero A^-dimensional complex normal with covariance matrix a given by 

Note that cr„„ = 1 and |crmn| ^ e-'^-li^"''^^) so that if the sequence 5*^ is chosen to be sufficiently 
separated then the components of the vector ^ will be 'almost independent'. We write a = I + A 
and note that 



max 



< max e --lv-.o-./w ^ max 

POO 



for some a,e' > by an argument identical to that given in the proof of Lemma [121 Thus by 
choosing R sufficiently large we have || A||oo < h and so for any v G 



Thus the eigenvalues of a are bounded below by i and so if ci = BB* then 

\\B-^h < v^- 

Now the components of the vector ( = B^^^are iid A/'c(0, 1) random variables, which we denote 
Cj, and moreover 

llClloo < ||i?-'e||2 < V^llelb < V^llelloo. 

This means that 



P 



I < e-^^ for aWsEDnSL < P |0l < V2Ne-^^ for all 1 < j < 



(1 - exp(-2iVe-25L)^)iv ^ ^.,Sf.iD)L 



for L sufficiently large, where c depends only on the doubling constant (and sup^g^ diiz, Sl)), 
as claimed. 



2. For the second part of the proof we must estimate 



[max|/i(z)| > e' 

z&D 



5L^ 



and so we define the event 



^ = {max|/i(^)| >e'^^}. 

2eD 



We write = fl D'^^{zq) and /l = XIagAl '^a^a(-2), and note that #Ai ~ L^{D) as in the 
first part of the proof. Consider the event 



A={\ay\ <L 



Pl{zo) 



for A e Al\Al}- 
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If the event A occurs and z E D then, since diiX, z) > Cr-diiX, zq) for some Cr > 0, we have 
by Proposition [13a) 



KL{z,zy/' 



< 



AeAi,\Ai, 

L 



< 



^ |A-Zo|e" 
xeAL\^L 



PL[Z0 

Pl{Zo) Jc\Dr{zo) Pl{C) 



where the final estimate comes from an argument similar to that used in the proof of Lemma [T2] 
and the implicit constant depends on r. Hence the event An S implies that 



max 

z&D 



h{z) 



KL{z,zy/^ 



for L sufficiently large, where C'^ is another positive constant. Now a simple application of the 
Cauchy-Schwartz inequality shows that 



1/2 / ^ 1/2 



1/2 

vAeAi 



and so 



n^] < p 



< p 



< p 



max 

z&D 



h{z) 



SL 

> e 2 



Ei«Ar>e^ 

AeAi 

\ax? > — ^ for all A G Al 
"#Al 



5L \ #Al 



exp 
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We finally estimate the probability of the event A; using dV]) and ^ we see that 



iogp[^]=iog n (^-^^pf-^'T^^) 



> 



2\C-Zo\^\ dm{C) 



exp -L 2/ N ; 

c\D V pl(^o) y pl(C)^ 

\C-zo\'\ dm{0 



> -L^'^ [ exp 



/c\D V P'^izo) J p(C)2 

(13) > -CoL^/^e-^^^'^'^^ 

where Cq and Ci depend on r and the doubling constant, and the final estimate uses an argument 
similar to that given in the proof of Lemma [12] We finally compute that 

F[£] < ¥[S r\A] + ¥[A'] < e"^'^ + (1 - expj-CoL'/^e-^i^'^'^'}) < e"^^' 
for L sufficiently large and for any positive c. ■ 

Lemma 21. Given a disc D = D^{zo) there exist c, C > depending only on the doubling 
constant such that 



|log \fL{z)\ - (l)L{z)\dm{z) < Cr^p{z^ffi{D)L 
outside of an exceptional set of probability at most e"'^^(^)^^, for L sufficiently large. 



D 



We will use the following result to prove this lemma. 

Theorem 22 ( [|Pas881 Chap. 1 Lemma 7] or nAC96[ Theorem 1]). Ifu is a subharmonic function 
on © then, for all C e D, 

u{C)= I P{C.z)u{z)dm{z)- [ GiC,z)Auiz) 
Jo Jo 

where 

nc,^) = - \. '-'1 

TT |1 - ZQ'^ 

and 

Proof of Lemma |27] Applying Lemma [20l we see that outside of an exceptional set, we may find 
C e D''/^{zo) such that 

-L/i(Z})< log 1/^(01 -0l(C). 
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Making the appropriate change of variables in Theorem l22]and applying the resulting decompo- 
sition to the subharmonic functions log I/l] and (p^ on D we see that 

log |/l(C)I - MO = l/( ^1 (log \fL{z)\ - <Pl{z))^. 



\rp{zo)' rp{zo) J r'^pi.Zo) 

^ f^T^' ^T^) (2^^^^(^) - ^Mz)) 
\rp{zo) rp{zo)J 

C — Zq z — Zq\ \ r / w I /- \\ dm{z) 



D 



r'^p{zo) 



since G is always positive. Now, since C G D'''/'^(zq), we have by Lemma [TOl 

/ ^ f^' ^) ^'^-^^^ ^ / ^ f ^) ^'^-^^^ 

+ [ G ( ^ ~ ^° z - zo \ ^^t^\ 

<L I log f -J^) dp{z) + L/.(D) 
< Lp{D) 

and so 

0< / Pf^,^)(l0g|/.W|-^.W)4^ + CMB) 

V^P(^o) rp{zo) J r^p[Zor 

for some positive C depending only on the doubling constant. Noting that P is also positive and 
satisfies 

\rp{zo)' rp{zo) J 
forwED and ( G D^^'^{zo) we see that 

log-(|/.H|e-^^(-))4^< / logni/.H|e-^^(-))4^ + I^M^) 



and so 



iog|/.HI-0.Hl4^< / iog^(l/.HIe-^^(-^)4^ + ^M^)- 



D r'^p{zof ~ J CI r^p{zo)^ 

Applying Lemma [20] once more we see that outside of another exceptional set 



/ log+(|/LH|e-*-(-))4^<^Pp) 
Jd r^pizoY 



which completes the proof. 
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We are now ready to prove Lemma [19] 



Proof of Lemma [79l Given(5 > we may cover D with discs {D^^ (zj))jLiSuchtha.t n{D^^ (zj)) = 
5 and zj E U. The Vitali covering lemma implies that we may assume that N < fi{D)/5. Now, 
applying Lemma [211 we see that outside of an exceptional set 

N 

/ \log\fL{z)\-M^)\dm{z) < 5LY,r]p{z,f. 
We finally note that p{zj) ~ p{zq) and that Lemma [9| implies that 



for all j. Thus 



[ |log \fLiz)\ - M^)\ dm{z) < 5LNP < L5'\ 
Ju 



Appropriately changing the value of S completes the proof. ■ 

Proof of Theorem\3\ We have already noted that the proof of (a) is identical to the proof of The- 
orem [T] (a). It remains to show the large deviations estimate (b). We first note that 



1 



2txL 
1 



I\i,{z){\og\fL{z)\-ct)L{z))dm{z] 



< — -max|A^/'(z)| / | log - 0L|cim 
Z-nL zee JsuppV 



and so applying Lemma [T9l with 5' = 5\ J A^||oo we see that 



ZTT 



< 6 



outside an exceptional set of probability at most e as claimed. I 

Proof of Corollary^ Let 5 > and choose smooth, compactly supported ^pi and ^jj2 satisfying 

< ^1 < XI/ < ^2 < 1, 



and 



i^idp > p{U){l-6) 
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(a) Applying Theorem |3] (a) we see that, for L sufficiently large, 



E 



-nL{U) 



27r 



\^ij2{z)\dm{z)-—^i{U) 



c 



27r' 



Similarly 



E 



< ^KU) + J I \AMz)\dmiz) 



Choosing first b small and then L large (depending on S) completes the proof of (a), 
(b) Outside an exceptional set of probability t^'^^^ we have, by Theorem |3](b) 



We see that 



whence 



Similarly 



\nL{\J) < yn(^2, L)<{l + 5)^l ^^dii < (1 + 5) 



jnim 

2-K 



1 < 5. 



1 > -5. 



outside another exceptional set of probability e , which after appropriately changing the value 
of b completes the proof. ■ 



6. Proof of Theorem [6] 

We will use some of the ideas from the proof of Theorem |4]here. We begin with a lemma that 
is very similar to Lemma |20| It is clear that if we could prove an exact analogue of Lemma [20l 
then we could prove a large deviations theorem, since it is only in the proof of this lemma that 
we use the decay estimates for the frame elements. Unfortunately we are unable to prove such 
a result, but the following result will be enough to prove a hole theorem. Recall that we write 
D = D^izo). 

Lemma 23. Given zq E C and 6,r > there exists c > depending only on the doubling 
constant such that 



P 



max (log \gL{z) \ - (Pl{z)) < SL 



< e 
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for L sufficiently large. Moreover there exists C" > depending on cf) and r such that for all 
zo eC and C > C 



P 



max (log|5fL(2) 



H[z 



))>CL 



< e 



for sufficiently large L. 
Proof. The proof that 



max (log 1 5(^(2;) I - (pLiz)) < -SL 

Z&D 



< e 



-c5ii{D)L'^ 



is identical to the proof of the first part of Lemma |20l we omit the details. 

To prove the second estimate we use the following result, which is simply [IHKPV091 Lemma 
2.4.4] translated and re-scaled. 

Lemma 24. Let f be a Gaussian analytic function in a neighbourhood of the disc D{zq, R) with 
covariance kernel K. Then for r < R/2we have 



P 



max \fiz)\ > t 

z£D{zo,r) 



where a^^ = ma.x{K{z, z) : z E D{zq, 2r)}. 



Let Ci = mm{(f){z) : z e D} and C2 = max{0(z) : z G D'^''{zo)}. Note that 

max{/CL(^,^) : z E D{zo,2r)} < e^^^^. 

Hence 



P 



ma_x{\og\gLiz) \ - (piiz)) >CL 

zeD 



< P 



max|(?z.W|>e(^+^^)^ 



for any if C + Ci - C2 > 0. 



We may now immediately infer the following lemma. All integrals over circles are understood 
to be with respect to normalised Lebesgue measure on the circle. 

Lemma 25. For any zq E C and any 6,r > there exists c > depending only on 6, A(f){D) 
and the doubling constant such that 



P 



UdD 



(log|c/L( 



^Liz)) < -5L 



< e 



for L sufficiently large. 



INHOMOGENOUS RANDOM ZERO SETS. 



27 



Proof. It suffices to show this for small 5. Put k = 1 — 5^^^, N = [2-^5^^] and define Zj = 
zq + Kr p{zq) exp{^;^) and Dj = D{zj, 6rp{zo)) for j = 1,...,A^. Lemma [23] implies that 
outside an exceptional set of probability at most Ne~'^^^^^^''^^ < e~'^'^' (where c' depends on 6, 
p{D'^(zo)) and the doubling constant) there exist Q E Dj such that 

log\gL{Q)\'MQ)>-5L. 

Let P{(, z) and G'(C, z) be, respectively, the Poisson kernel and the Green function for D where 
we use the convention that the Green function is positive. Applying the Riesz decomposition to 
the subharmonic functions log \gL\ and 0l on the disc D implies that 



f f 1 ^ 

= {log\gL{z)\ - M^)) + (T7E^(O,^)-l)(log|^7L(^)|-0L(^)) 

JdD JdD ' 

1 ^ 

< {hg\gL{z)\ - M^)) + (-J2P{Q,z)-l){\og\gLiz)\-M^)) 

JdD JdD ^ 



N 

JD 7=1 



Claim 26. There exists C > such that 



[ \\og\gL{z)\-Mz)\<Cfi{D)L 

JdD 



IdD 



outside of an exceptional set of probability at most e" 
Claim 27 ( [IST051 Claim 2]). There exists Co > such that 



max 

zeD 



N 



Claim 28. There exists Ci > an J < a < 1/4 depending only on the doubling constant and 
p{D) such that 



[ G{Q,z)AMz)<Ci6''L 

JD 



for 5 sufficiently small. 
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Applying Claims [26] and [27] we see that outside another exceptional set we have 



- l) (log \9l{z)\ - M^)) 
while Claim [28] implies that 

N 

Hence 

/ (log Mz)] - M^)) > -is + Co5'/' + C,5^)L > -5"L 

JdD 

outside an exceptional set, and so the lemma follows. ■ 

Proof of Claim \26\ We use the same notation. Lemma 123] implies that outside an exceptional set 
of probability at most e^'^^^ there exists ^ D'''/'^{zq) such that 

\og\gLiQ)\-MQ)>-f^iD)L. 

Another application of the Riesz decomposition to the subharmonic functions log \gL\ and 0^ on 
the disc D implies that 

-/i(D)L<log|(7i(Co)|-0L(Co) 

= / P{Co,z){\og\gL{z)\-Mz))~ [ G{Co,z){27idnL{z)-AM^)) 

JdD J D 

< [ P{Co,z){\og\gL{z)\-M^))+L [ G'(Co,^)A0(z). 

JdD J D 

Now since Co G D^^'^{zo), we have by Lemma [TOl 

G(Co, ^) A0(^) < / G(Co, ^) A0(^) + / G(Co, ^) A0(^) 

3„ 



and so 



< / log dii{z) + ii{D) 



0< / P{<:^,z){\og\gL{z)\-(t>L{z))+CL^i{D) 

JdD 



IdD 

for some positive C depending only on the doubling constant. Thus 



dD 



PiCo,z)\og-{\gLiz)\e~^'^^^^) < [ P(Co, ^) log+(|(7L(^)|e-^-(^)) + 

JdD 



We note that for z E dD and Co £ D'''^'^{zq) we have 

^<P(Co,^)<3 
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and so 

/ \\og\gL{z)\-M^)\< [ log+(|<7i(^)|e-^-(^)) + L/ip). 

JdD JdD 

Applying Lemma l20l once more we see that outside of another exceptional set 



-<t>L(z)\ < 



Lfi{D) 



an 



which completes the proof. ■ 

Proof of Claim To simplify the notation we move to the unit disc. We write '^{w) = ^(^o + 

r(f)(zo)w) for w G D and Wj = (Q — zq) /rp(zo) and note that 1 — \wj\ < 5^/^. We see that 



GiQ,z)AMz) = ^ I log 

D ^TT 



1 — WjW 



W — Wi 



and we write 



W — Wj 



1 — WjW 



, ^ , ^ . 1 — 
< r\ = D\ tttW,-, „, 



1 91 19 J 'l 91 19 

1 — I p \ — r'^\WjY 



for the hyperbolic discs of centre Wj and radius r. Fix some /3 < 1/4 and note that 

A<^{w) < -log(l - 6^)Aip{B) < 26^ 12(D). 



/ log 

Jd\Bj (1-5/3) 



1 — ti'jtf; 



W — Wj 



Also, using the distribution function, we see that 



/ 



log 



1 — WjW 



W — Wi 



Ay^{w) = I A^{Bj{l - 6^) n Bj{e-''))dx 



-log{l-5/3) 

A^{Bj{l-5^))dx 



•oo 

log(l-5.S) 



/oo 
Ay?(5j(e-^))c/x. 
-log(l-5/3) 

Now the Euclidean radius of the disc Bj{e~^) is given by 



1 - 


Wj 


2 




1-e- 


2x 


Wj 


2*^ 



< 



1 - 


Wj 




1-e- 


X 


Wj\ 



51/4 



30 JEREMIAH BUCKLEY, XAVIER MASSANEDA, AND JOAQUIM ORTEGA-CERDA 

which gets arbitrarily small, while p/^^{w) ~ PAip(O) for all w G D. Applying Lemma |9] to the 
doubling measure A(p we see that there exists < 7 < 1 such that 



logCl-^/S) 



A^{B,{e--))dx < / =k;^e-M dx 



00 



-7a; 



8^ 



1 — e~^\wj\) 



7 



< (1 - kiD^kiT^ y — '^'^ - ^''^ ■ 

where we have made the change of variables u = 1 — e~^\wj \ . We therefore have 
and the claim follows by choosing a = min{7/4, /?}. 



D 



We are now ready to prove Theorem |6] Since we do not have any control on the dependence 
of the constants on the bounded set U, we assume that U is the disc D. 

Proof of Theorem^ Suppose that has no zeroes in D. Recall that we use G'(C, z) to denote 
the Green function for D. Applying Jensen's formula to ql and the Riesz decomposition to the 
subharmonic function 0l on the disc D we see that 



log \9l{,zq) \ - (f)L{zo) = / (log \gLiz) \ - (jyiiz)) +L G{zo, z)A0(z)rfm(z). 

JdD J D 

Choosing 5 = G{zq, z)A(j){z)/2 in Lemma [25] shows that outside an exceptional set of prob- 
ability at most e~'^^^ we have 

hg\gL{Co)\-MCo)>SL. 

Now Proposition [141 shows that 

P[log |^7l(Co)| - MCo) > SL] < p[^^iM^ > e^^l < exp{-Ce2^^} < e^^' 
and so 

nMD) = 0] < e-^^', 

which completes the proof. ■ 



7. Proof of Theorem [7] 

We have previously remarked that the upper bound in Theorem E] is a simple consequence of 
Theorem [H we now prove the lower bounds. We will do this by first finding a deterministic 
function that does not vanish in the hole and then constructing an event that ensures the GAF 
fi is 'close' to Hl. Since we can always find a disc D = D^\zq) contained in U, and we do not 
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have any control on the dependence of the constants on U, we will prove the theorem only in the 
case U = D. We begin by constructing the function h^. 

Lemma 29. There exists an entire function hi with the following properties: 

• WhhW^l = 1- 

• There exists Cq > depending on fi{D) and the doubling constant such that 



-CoL 



_ e 
for all z & D. 

Remark. In the case (f){z) = l^p we may take /i^ to be constant. More generally, if 

Pl 

then we can take Iil = C^^. In general, however, it may not even be the case that 

2^dTn 

is finite (consider (f){z) = (Rez)^). 

Proof. Let }Cs{z,w) be the reproducing kernel for the space J-f^ and consider the normalised 
reproducing kernel 

_ K^siz,zo) 

Now since ^5^^(2:0) — 00 as 5 — )• Proposition[T4l shows that there exists Sq and C > (depend- 
ing only on r and the doubling constant) such that 

(14) \ks{z)\e-^'t'^'^ > C 

for all 2 G -D and all S < Sq. Given any L sufficiently large we can find S E [5o/2, 5o] and an 
integer N such that L = NS. We note that p5^{z) ~ Pfi{z) for all 5 in this range (where the 
implicit constants depend on 5q) and so applying Proposition [14] and (|7]) gives 

|/t,(2)P^e-2*^(^)^ < L^/^ / {\ks{z)\e-'^^^^r 

Pl[z) psf^yz) 



Pst^izT ~' 



\2 ~ 



Hence is an entire function in J^^^ and we define hi = kf /\\kf\\jr2 . We finally note that 
(fT4l) implies that for all z e D 

|/ii(2)|e-'^^(") = {\ks{z)\e-^'^^'Y/\\k^\\Tj^ ^ C"" L"'^ > e"^"^ 

where Co depends on 60 and the doubling constant. ■ 
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Proof of the upper bounds in Theorem^ (a) Recall that {kx)xeAi^ is the dual frame associated to 
the frame {kx)xeAL- Since E J'^^ we may write hi = Y^xeAi^L^ ~k\)kx = Eaga ^a^a where 
we define cx = {hi.kx) (and we ignore the dependence on L to simplify the notation). Note 
that, for any z E D,we have 

agA AeA 

We therefore have 

F[nL{D) = 0] > P[max J] Ioa - cx\\kx{z)\e-'^''^'^ < e'^"^] 

AeA 

and we now estimate the probability of this event. First define 

r 1/1 

a = maxjO, -( 7)} 

e 

where e, 7 and 5 are the constants appearing in Proposition [141 (|7) and Lemma [TTI respectively. 
Fix a large positive constant Ci to be specified, write 

and define the event 

£1 = {\ax - cx\ < L ^^'/^j -.XeAlX Dl}. 

If £1 occurs and z E D then, using an argument identical to that given in the proof of Lemma [T2l 
we see that 

|A - zo\ 



J2 \ax - cx\\kx{z)\e-'^-^^^ < L 

Pl[Zq) 



dUz,\) 



|A - ^ol 



roo 



- 2 

for Ci sufficiently large, where a' = max{l, 67}, and /3o and /3i > are some exponents that 
depend on the doubling constant. 

We define the event 

S2 = Wax- cx\ < , : A e Al n DA, 
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where C2 is a positive constant to be chosen. Note that for all 2; e C, £"2 implies that by choosing 
C2 sufficiently large 



\ax - ca 



1/2 



AeAi,nDi, 



Hence 



AeALflDi 
-CoL 



E I* 

AeA^nDz, 



aU 



1/2 



Go / 



P[nz.(D) = 0] > P[^i]P[^2] 
Recalling the definition of the coefficients ca we note that 



E 

AGAr 



Ca 



\h 



L Tr2 



and so the coefficients ca are bounded. This means that 

|A - zq 



P 



\a\ - caI < 



Pl[Zo) 



> P 



kAl < L 



|A - zqI 
2pl(2:o) 



when A G Al\ Dl and L is large. We may estimate P[£^i] similarly to (fTBl) in the proof of 
Lemma[20l This yields F[Si] > 1/2 for large L. 

Finally since #Al Ci Dl ^ A0l(Dl) < L^+^Z^ we have 



p[^2] = n ^ 

AGAiODL 



-CoL 



\a\ - CaI < 



C2 V#Al n Dl 



> C 



> e 



for some positive constants C and c. Considering the two possible values of a completes the 
proof of the lower bounds in Theorem |7] 



(b) We assume that the reproducing kernel ICl satisfies the estimate (|TOl) . We will use the same 
notation as before. Let C3 and C4 be constants to be chosen and define the following events 



A = {I^A -cx\< L 
M = {|ca - ax\ < 



|A - zo\ 
Pl{.zq) 

j-CoL 



We have already seen that the event A\ implies that 



: AG Al\I^^^^(^o)} 

: AGALnD^^^(;2o)}. 



{ax - cx)kx{z) 



< -e 



'CoL 
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for z e D.We write Al = Al n {Dl \ D'^'-''' (zq)) . Note that Ai and ^ imply that, for z e D, 

J2 \ax-cx\\hiz)\e-^^^'^ 

1/2 / ..-^ \ 1/2 



^ \Jc\DCzrU^)) pdzYJ 



Q-<t>L{z) 



for an appropriately large choice of C3 and for all large L. By an identical computation to before 
we see that A2 implies that for all z G C 



J2 |aA-CA||fcA(^)|e-^-(^)<^e-^°^ 
AeALnDC3'-(2o) 



by choosing C4 sufficiently large. It remains only to estimate the probabilities of the events Ai 
and A2, which are again identical to the previous computation. This completes the proof. ■ 



Appendix: The case \z\"/2 
We consider the space J-'l when </)(z) = \z\°'/2 and we first note that for \z\ < 1 

p{z) ~ 1 

and that 

otherwise. We begin by showing that the set — )^=o is an orthonormal basis for some 
choice of Can — + 1)^/^. It is clear that the functions 2;" are orthogonal because (pL (and 

therefore pi) are radial, and so we need only compute the appropriate normalising constants 



; dm{z) 

Now it is easy to see that for \z\ < Pl(0) 

Pl{z) c:. Pl{0) - L-'/'' 

and that 

Pi(z)~L-V2|^|W2 
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Otherwise. Hence, using the fact that Lp£,(0)" ~ 1, we have 



n||2^ _ / \ ^\2n„-L\z\' 



, dm{z) 



'Lpz,(0) 

\l/2 



It follows that, for some coefficients Cq,„ ~ r(-n + 1)^/^, the set ( ^^ ^ )21n is an orthonormal 
basis for and the reproducing kernel for this space is then given by 



n=0 °" 



We recall that for positive a the Mittag-Leffler function 



T{an + 1) 

n=0 ^ ' 

is an entire function of order 1/a satisfying 

for all real positive x. 

We now show that /Cl has fast off-diagonal decay, that is, given C, r > there exists R> 
(independent of L) such that 



sup e-^l^l"/ |M^,«;)|V^H«^^<e- 



CL 



for all Zq e C and L sufficiently large (we have replaced R by 2R to simplify the notation in 
what follows). Choosing it! sufficiently large we have 

Jc\D^R{zo) PlW Jc\d{o,r) Pl{wY 
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and we note again that 0l and plsxq radial. Thus, for any positive integers n and m. 



L 



PL{Wy Jc\D(0,R) 



C\D{0,R) PL\W) JC\D{0,R) 



POO 

JR 



a 



LR" 



a \a ) 



where r (a, ^) = denotes the incomplete Gamma function. Now, recalling the 

expression for the kernel /C^ we see that 



°^ r 2{m+n)/a 
m,n=0 



and so 



Jc\D{0,R} PlKwY C«,„Ca„ Jc\D{0,R) PhiwY 

°° Tin/ a /o \ 

n=0 ^ a ' ^ ' 

"^r(^n + i) r(^n + i) ■ 

n=0 ' / Va ' / 

We split this sum in two parts. Choose N — [^LR^] and note that for n < A?^ we have, by 
standard estimates for the incomplete Gamma function. 



as — > oo. Now Stirling's approximation shows that 



r(^n + i) - r(^Ar + i) 



-N\ [-N+1 



2 



~ \ 2 



1 

a 



^ gLi?"(l+log2)/2 
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and so 



It follows that 



r(|n + l,Li?°) 

r(|rz + i) 



^r(|n + i) r(Jn + i) - i^r(|n + i) 

To deal with the remaining terms we first note that 
for all n. We now choose R so large that 
for 2; e D''(2;o). Note that another application of Stirling's approximation yields, for any n > N, 

2{n-N)/a 

r ( -n + 1 1 > r ( -AT + 1 1 ( -iv + r 



J \0L / \(x 
We conclude that for z e -D^(2;o) and R sufficiently large we have 

^r(^n + i) r(^n + i) ~ rx^JvTTy ^ (^^vTTj2^ 

n>JV ^a'/ Va'/ n=0 ^« ' / 



r(|iv + i) (iiv + i)V" 

(^2/a|^|2)iV 



r(|7v + i) 

A final appeal to Stirling's approximation yields 



r(|iv + i) 



< g-4Ar/ag2Ar/a 



e 
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Retracing our footsteps we see that we have shown that 



'C\D2«(zo) 

for all z e D^{zq) and R sufficiently large. Hence 



sup e-^l^l" / |k:4^,^i;)|V^H«^!!!H <e-CL 



for an appropriately large R, as claimed 
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